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Abstract 

Based on the canonical quantization of open strings ending on D-branes with a 
background B field, we construct the open string propagator. We demonstrate the 
relation between the T duality of the underlying string theory and the Morita equiva- 
lence of the interpolating general Dirac-Born-Infeld theory on a noncommutative torus 
in the nonzero modulus $ sector. The general noncommutative Dirac-Born-Infeld ac- 
tion with the Wess-Zumino terms expressed by the background R-R fields is shown to 
be Morita invariant. 
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Many insights of the noncommutativities in the string-M theories have been accumulated 
since the Yang-Mills theory on a noncommutative torus was found to describe the DLCQ of 
M theory on a torus with a three- form field background |]T|. The Matrix theory description 
of the gauge theory on the noncommutative torus has been extensively studied to give 
the BPS energy spectrum and show the Morita equivalence of it ^, |^ or of the action 
itself [p, 0, which is argued to be related with the T-duality SO{d,d, Z) of type II string 
theory compactified on the ci-torus 0, ^ . The Morita equivalence of the BPS mass spectrum 
and its relation with the T-duality have been also studied by a canonical description of the 
Dirac-Born-Infeld (DBI) theory on a noncommutative torus 0. 

On the other hand in the presence of a constant background NS-NS B field the world- 
volume of D-branes becomes noncommutative [1^, |l^, |12[ and then the low energy dynamics 
of D-branes is naturally described by the noncommutative Yang-Mills (NCYM) theory. The 
quantization of open strings propagating in the background B field is directly related to 
the noncommutativity of D-branes, where the world- volume coordinates of D-branes, which 
are in the static gauge identified with the space-time coordinates of open string end-points, 
are shown not to commute by means of the string mode expansion method |]ll], |12|, |l3l and 



the Green function method [|T^. The former method has been rigorously studied by Dirac's 
constrained quantization procedure for the mixed boundary condition ||15|| . 

Though there is in general a coupling between the open and closed strings, we can take 
an appropriate low energy limit in such a way that the closed strings decouple from the open 
strings ending on the D-branes and the resulting theory for the open strings reduces to the 



NCYM theory [|I4|. Specially through the different regularizations the equivalence between 
the ordinary Yang-Mills theory and the NCYM theory has been shown by comparing the 
ordinary DBI theory with the noncommutative DBI theory where the background B field is 
replaced by the noncommutativity of the world-volume coordinates. Moreover a general DBI 
theory interpolating the two theories has been proposed to be described by a noncommutative 
action including an extra modulus $, which is known to appear as a magnetic background 
in the NCYM action and show a particular transformation under the group of the Morita 
equivalence for the NCYM theory Based on this general DBI theory the Morita 

transformation rules have been reproduced through the appropriate low energy limit from 
the T-duality of type II string theory in the zero $ sector. 

We will try to extend the results of Seiberg and Witten for the interrelations among 
the string dynamics, the noncommutative DBI theory and the NCYM theory. In order to 
see whether the canonical quantization of open strings ending on D-branes in the presence 
of a constant background B field [|I2| is consistently well defined or not, we will calculate the 
string propagator and compare with that derived from the Green function method. Based on 
the interpolating DBI theory on a noncommutative torus we will study how the Morita equiv- 
alence transformation is related with the T-duality generally in the nonzero $ sector. The 
invariance of the general noncommutative DBI action with modulus $ and the Wess-Zumino 
(WZ) action themselves under the Morita equivalence transformation will be investigated 
and the transformation properties of the background R-R fields will be elucidated. 

The bosonic part of the classical action for an open string ending on a Dp-brane is given 

by 

S=^ [ d^crig^^daX^^d^'X'' - 2na'B^,e'''daX^dbX'') + i dTA{X)d^X\ (1) 
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where Ai,i = 0,l,---,p is the U(l) gauge field hving on the Dp-brane and g^i,, B^j,,^, ^ = 
0,1, ■■■,9 represent the constant background metric and the constant background NS-NS 
two-form field. Since the background 5^,^ field can have nonzero components only along the 
directions parallel to the Dj9-brane, the action can be expressed as 

S=^J^ dMOf^udaX'^d'^X'^ - 2na'J^,,e^%X'dtX^) (2) 

in terms of the gauge invariant field strength = Bij + Fij with F = dA. The transverse 
string variable X^, = p + 1, ■ ■ ■ , 9 can be treated trivially so that we will be concerned with 
the longitudinal variable X* only. The solution of X* to the equation of motion, satisfying 
the mixed boundary condition d„X'^ — 27ra'9^X-' jFj = at a = 0, vr, is given by 

= Xq + {pqT + 2TTa'p'Qj^ja) + ^ (m^ cos na + 27ra'a{ JTf sin na) . (3) 

In Ref. [0 the quantization of was performed by a generalization of the canonical 
approach analyzing the time-averaged symplectic form on the phase space. The commutation 
relations for the modes were extracted as 

K, <] = 2a'mM-i*M^+„, [4, ^o] = t2a'M-''^^, 

[xi,xi] = i2ixa\M-^rr, [p^o,yo] = 0, (4) 

where Mij = gij - {2na'y{J^g-^J^)ij and {M-^J^Y^ is abbreviation for M'^'^ J^kiQ'^^^ ■ 

Making use of these results we construct the propagator of the open string position 
operator X^{a^ r). Here we turn to the Euclidean metric on the world sheet. By substituting 
r = —it' into and using z = we have the following normal mode expression 

X\z) = x^-^(pSlnz^ + 2Wyo^hn-)+z V(a^(z-" + ^-") + 27ra'a{^.f(2-"-^-")). (5) 

The commutation relations in provide the string propagator 

< Q\X\z)X^ {z')\Q >= a\-M-^'nYizz + 2'na\J^M-^YnYi- 

z 

--M-i*^'(ln |1 - + In |1 - + i^!L^(^M-i^)*^'(ln |1 - ^-\^ - - -\^) (6) 

2 ^ ^ 2 z z 

2^"'/A#-i-rAi7i„ (^-^')(^-^') , {z-z'){z-z') z 



iM-'j^Y^ In ) 9 f + iTM-'YHhi ) 9 - 2 In -)), 

z ^ ' {z-z'){z-z') 2 ^ ' ^ {z-z'){z-z') r'' 

whose first and second terms are the zero mode contributions. Owing to the relations 
M-^ - {2'Ka'fg-^TM-^Tg'^ = g'^^M'^J^g'^ = g'^J^M'^, where abbreviation is not 
used but the indeces are raised by metric, the propagator turns out to be 

- a'(^-^*-''(ln \z - z'\-\n\z-z'\) + M"^^^' In \z - z'\^ - 27ra'{M-^J^g~^y^ In ^^). (7) 



3 



In view of M'^ = {g + 2'na'T)-^g{g - l-na'T)-^ and M'^Tg-^ = + 1-na'T)-^T{g - 
27ro;'jF)~^ we note that we have obtained the same expression as that mentioned in Ref. 

, where the open string propagator is constructed as a solution to the equation of motion 
for the Green function satisfying the mixed boundary condition. 

Seiberg and Witten have proposed a general DBI theory with an arbitrary Q and param- 
eters G, $ determined by a formula 

+ T^^^TTT^' (8) 



G' + 27rQ;'<l> iTxa' g + 2'Ka'B' 

which implies that the open string metric G and the antisymmetric two-form $ are expressed 
in terms of the closed string parameters g^ B and the noncommutative parameter 9 |jT^. In 



the formula (||) expressed by the (p + 1) x (p + 1) matrices we assume that Soi = as 
well as (7oi = 0, here i = in the Lorentzian target space-time. For the Dp-brane 

compactified on a p-torus parametrized by ~ + 27Tr, i = 1, ■ ■ ■ ,p with closed string 
metric gtj, the T-duality SO{p,p, Z) transformation on E = r'^{g + 27ra'B)/a' is given by 
E' = {aE + b){cE + d)~^, with c*a + a*c = 0, d'^b + b^d = 0, c*6 + a^d = 1 where a, b, c and d 
are p x p matrices with integer entries. We consider the case that the 6 dependence appears 
through the noncommutativity of the world-volume space-coordinates, so that 6^"^ is set to 
zero. Therefore we have a formula (||) expressed by the pxp matrices, Goo = goo and $oi = 
which corresponds to the treatment of $ as the magnetic background. From the pxp matrix 
formula (||) using the dimensionless pxp matrix B = 0/27rr^ we extract G and $ as 



$ = ^-—(2E^QE + E-E*) (9) 

Compared with the given closed string parameters g and B, the NCYM theory includes the 
corresponding two parameters G and 9 with an extra modulus $ added, which is associated 
with SO{p) symmetry for the relativistic generalization of some NCYM energy that is iden- 
tified with the BPS mass formula of the noncommutative DBI theory Here assuming 
that G transforms by a fractional transformation as B 0' = {c + dQ){a + bQ)~^ we exam- 
ine how G and $ transform with respect to the T-duality. There are interesting symmetric 
relations, E' + E'^ = {E*c^ + d*)-\E + E*){cE + d)'^ and 

l-Q'E'= ^ ^ (l-e^)— (10) 
a* -66*^ cE + d ^ ^ 

Combining them with the first equation of (|^) and G'* = — B' we derive the transformation 
for the open string metric 

G' = {a + bQ)G{a + bQy. (11) 
Similarly the transformed modulus $' is represented by 

*' = i^(<'+»)T7W(2^+>')rzW<«+''®'' <'2) 
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where X = {E^a^ + 6*)(c + dQ){a + hQ)-^{aE + h) and Y is given hj Y = E - E^ + 2Yo 
with Fo = -{E^a^ + &*)c-E + (E*c* + d^)h. For convenience, X = (E*a* + h*)Q'{aE + 6) is 
equivalently rewritten by 

X = ^{E'a' + b'){{c + de)^^ - ^r^M - Qd')){aE + b) (13) 

because of 9'* = -6', which is further expressed as X = (E* + (1 + E*e)6*(a* - e6*)~^)(6 + 
Xo){E+{a + bQy^b{l-QE)) with Xq = -{c^ -Qd^)bQ + {a^ -Qb^)c. From these expressions 
we first extract some terms suggested by the second equation in @ as 2X + Y = 2E^QE + 
E — E^ + 2Z, where the remaining terms are gathered by 

Z = E'XqE + EHQ + Xq) — ^6(1-9^) 

a + oB 

+ [1 + E'Q)b'^^—{Q + X^)E + Yo + Zo (14) 

with Zo = {l + E^e)b'{a' - Qb')-\Q + Xo){a + bQ)-^b{l - QE). 
The substitution of an identity 

c*-erf* = -(a*-e6*)(c + de) — ^ (15) 

into Xq in ([T^ ) brings two kinds of cancellations in the first term against the second and third 
terms. As a result the first term of (14) becomes £'*(a*c+(a* — 06*)(iG(a + 6G)~^60)ii^, whose 
first term is further cancelled against a term in l^o- Since there is another cancellation between 
the second and third terms through 6*(c + d&){a + 69)~^ = (a + 60)^^ — c?*, the resulting 
third term can be expressed as [(1 + E*Q){b\a* - 96*)"^ - d^b) + (a + bQy^b]&E + b^cE, 
whose last term is also cancelled against a term in Yq. The remainging second term is given 
by E*[(e + (a* - eb')c){a + bQ)-^b - (c* - Qd')bQ{a + be)-^b{l - QE)], which is further 
changed into E*[(a*c + erf*a)(a + bQ)-^b - (c* - eci*)(l - a{a + bQ)-^)b{l - QE)] where a 
combination E^{a^c + c^a){a + bQ)~^b vanishes. Thus we have 

Z = E\c*b+(a* -Qb')(c + dQ) — ^5 + 9 — ^b - 2Qd'b)QE 

+ E'Qd'b+i^—~d%)QE + d'b + Zo + {l + E'Q)b'—^-—QE, (16) 
a + bQ — Qb^ 

whose last term is cancelled against a term in Zq = {E^Q + l)6*(a* — 96*)^^(9 + Xo){—E + 
(a + bQ)~^{aE + b)). The second term in (|16D is simplified into —E*{c^ — Qd^)bQE through 
([15|). Then the remaining Zq is further arranged by using (^) for Xq into 

Collecting the three terms with b on the right end in ([T7|) and making use of 

+ c = (c + dQ)^—a, (18) 
gt _ (^if a + bQ 
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we can see that they are simply expressed as {E'^Q + l)6*(c + d<d){a + b<d)~^b. This compact 
expression further takes the form {E^Q + l)(a + hQ)^^h — E^Qd% — (Fh whose last two terms 
are cancelled out in Z (JT^). The three terms with E on the right end in ( [T7| ) turn out to 
be {E^Q + l){(Fh - 2(a + hQ)-^h)QE also through ([T|). Gathering together we arrive at a 
simplified expression 

z = (E*e + i)^— 6(i-eE), (19) 

which yields 

$' = (a + 6e)$(a + 69)* + 77^6(0 + 69)*. (20) 

The SO{p,p, Z) T-duality action on the closed string coupling gs is given by g'^ = 
gs/ det{cE + dy^"^. The effective open string coupling Gs = gs{det{G + 27ra'$)/ det(5' + 
2na'B)y^'^ specified by the (p+1) x (p+1) matrices is expressed as Gs = gs{det{l — QE))~^^^ 
since Goo = doo, ^oi = -Boi = 0. Therefore the relation (p!0| ) yields the SO{p,p, Z) T-duality 
action on Gs 



= ^det(a + be)Gs, (21) 

which further determines the transformation for the Yang-Mills gauge coupling gyM = 

{{2TT)P-^Gs/{a')^^-P^/^y/^ to be 

g'rM = 9YM{det{a + bQ))-K (22) 



The obtained expressions such as (pH]), (|20| ) and ( |22D are just the Morita transformation rules 
in the NCYM theory with modulus $. In the $ = orbit the T-duality action on the closed 
string metric g and NS-NS B field was shown to be mapped to the Morita transformation 
only when the zero slope limit was taken in such a way that E~^ ^ 9 [Q. In our general 



nonzero $ case this mapping naturally appears where we do not restrict ourselves to the zero 
slope limit. We would like to interpret this general mapping as a direct relation between the 
Morita equivalence of the noncommutative DBI theory and the T-duality. 

In order to confirm this interpretation we apply the above Morita transformation rules 
to the non-abelian DBI theory living on a noncommutative torus. The effective action of 
Dp-branes with the modulus two-form $ on a p-dimensional noncommutative torus is given 
by 

S = — ^ / dP+^aTreJ- det(G + 2na'{F + $)) + Swz- (23) 

Gs(27r)Pa' 2 J 

The first term is regarded as an general DBI action interpolationg between the ordinary DBI 
one on a commutative torus with G = g,^ = B,Gs = gs and the commutative gauge fields, 
and the noncommutative DBI one expressed in terms of the open string variables with $ = 
and the noncommutative gauge fields |l^ . The Trg is the trace on the gauge bundle on the 



noncommutative torus and is regarded as the symmetric trace ||T6[ for the non-abelian group. 
We assume that the WZ action Swz on a noncommutative torus takes the same form as that 
on a commutative torus So it is represented by Swz = J Trg{J2C^"^)e'^'^" ^ in terms 
of a pullback of the n-form R-R potential C^"'\ where on the exponential F only appears 
and the background B field is replaced by the noncommutativity 6. In the DBI action 
the square root part is decomposed into Jdet{G + 2Tra'{F + <l>))jj(— (Gqo — (27rQ;')^Foi(G + 
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2na'{F + ^))~^^^ Fjo))^^"^, where i = 1, - ■ ■ ,p and we have taken account of $oi = Goi = 0. 
Under the Morita equivalence transformation on a p-dimensional noncommutative torus the 
magnetic component of the gauge field strength Fij is transformed as Fij {{a + bQ)F{a + 
60)* — i2^b{a + bQy)ij according to (pOD , while the electric component F^i is transformed 
as Foi —>■ {F{a + 6G)*)oj. These transformation rules are argued in the investigation of the 
Morita equivalence in the context of the NCYM theory 0, |, We can take Goo = fi'oo 

to be unchanged since the T-duality transformation is performed on the directions of the 
p-torus. The transformation of the trace Tre is given by Tro (det(a + bQ))-^/^Trg 0. 
Under these transformation rules together with ([TT|) , (|20|) and(pTD we can see that the general 
interpolating DBI action is invariant. 

For the WZ action we consider the D5-brane theory for concreteness and write down 



Jwz — J acriree [ roi'^jkim H ^ ^oi^jk^im-\ ^ ^oi-t'jk^im^ 

4- V F I F F ) (2A) 

The WZ action for the first three terms is shown to be invariant under the Morita equiva- 
lence transformation, if we take the R-R potentials such as C, Cim and Cjkim to transform 
simultaneously as 

Cijki - -j^(AlA]AlAif^,a + '^-^AlA'-^(bA')u^C^ + ^i^fCibA'^jibA^^), 

where A = a + hQ and A"^ stands for Af" and the appropriate antisymmetrization factors 6, 
3 appear. The invariance of Swz for the last three terms is also shown, if we make Coi, Coijk 
and Coijkim transform in the following way 



X 1 3o^' 

Oi v^det A ^^^^""' ^^'^^ -^J^^i^li^'j^k]Coabc+ -^A'^i{bA^)jk]Coa 



Coijklm . . (^fr • • ^m]^Oa---e H 5" ^fi^y^fc(^^*)im]^0a6c (26) 

VdetA I J 



15i^fAlibA'),,ibA')im]Coa), 



where the coefficients 3, 10 and 15 also show the appropriate antisymmetrization factors 
specified by 3C1, 5C3 and 3 ■ 5C1. 

Redefinitions of the above R-R potentials as 

\i ^ Jjklm/^ \ijk ^ ijklm/~i \ijklm ijklm/~i 

1 1 

\ ijklm/^ \ij ijklm/^ \ijkl ijklm/^ /'0'7^ 

A = ■^6-' L^Oijklm, '^ 3!^ ^Oklm, ^ =£ ^Om { ) 
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enable us to write the WZ action p^ ) to be 



Swz = I d<'aTre{27ra'Fot\' + i^^F„.F,iA«» + ^^^F„J}iF,„Ay'"» 

+ A+?f;F.,A-^ + i?^F,F„A«"). (28) 
The first three terms are also invariant under the Morita transformation accompanied with 



A^^'^ ^ Vd^BiBiBlX"^^ + — ^^ A'^'^'"^(&A*);^, A'^'^'"^ y/ detA ^'^'''"' 

which are obtained from (25) by defining B = {A^^Y and using 5* for i?*^^. The invariance 
for the last three terms is also provided by the following transformation properties of the 
redefined R-R potentials 



A - Vd^iX + —BlBi{bA%,X^'' + -{-fBlBiB'^^^^^^ (30) 



a' 



abed 



X'^ VditA(5^5^A"'' + — S^S^5^^M(6A*)fcA"''"'^), A'^^^^ 

which are derived by combining (26) and (^7[). Thus we have observed the Morita equivalence 
of the action itself for the interpolating general DBI theory, which is compared with the 
Morita equivalence of the BPS energy spectrum based on the canonical approaches of the 
DBI theory on the noncommutative two- or four- torus and the NCYM theory ^, |^. 
The action of the Yang-Mills theory on a noncommutative three-torus with the Chern- 
Simon topological terms is proved to be Morita invariant in Ref. 0. The transformation 
behaviors of the zero-form and two-form R-R potentials given there are now extended to 
(25) for the noncommutative five-torus, where the transformation property of the four-form 
R-R potential is obtained in a suggestive and systematic form, while the corresponding 
transformation rules (p9[) for the redefined R-R potentials are considered as an extension of 
those for the noncommutative three-torus presented in Ref. [^f. In Refs. ||, only the space 
components of the R-R potentials are assumed to be nonzero. Here even if we take account 
of the R-R potentials with a time component the Morita equivalence of the WZ action for 
them is confirmed to hold separately, where the transformation of the six-form R-R potential 
is specified. 

We have shown that the quantization of open strings ending on the D-branes with the 
background B field is so well constructed from the symplectic structure on the phase space 
that we can consistently derive the string propagator with the mixed boundary conditions. 
Combining the T-duality transformation for the closed string parameters with the fractional 
transformation for the noncommutativity parameter we can extract the Morita transforma- 
tion rules for the open string parameters which characterize the interpolating noncommuta- 
tive DBI action, without recourse to the low energy zero slope limit. The interpolating DBI 
action with nonzero modulus $ as well as the WZ action on a noncommutative torus have 
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been demonstrated to have the same Morita equivalence as the NCYM theory. Therefore it 
can be said that the T-duahty transformation is directly translated to the Morita equivalence 
in the context of the noncommutative DBI theory, which is considered as the generalization 
of the indirect low-energy extraction of the Morita equivalence for the NCYM theory. 

On the five- dimensional noncommutative torus we have seen that the transformed R- 
R potentials are expanded in terms of the same and lower rank R-R potentials with the 
appropriate coefficients which appear as the antisymmetrization numbers. This expansion 
reflects the characteristics for the couplings of the Dp-brane not only to the the R-R potential 
with the [p + 1) rank but also to the R-R potentials with the ranks lower by even numbers, 
accompanied with the additional and multiple interactions to the world-volume gauge field 
strength in the noncommutative WZ acion. We speculate that this expansion is related with 
the recent works about the noncommutative description of D-branes [IE where the D-branes 
can be expressed as a configuration of infinitely many lower dimensional D-branes. It is 
tempting to suspect that the application of the Morita transformation of the noncommutative 
DBI theory is useful to build the nontrivial bound state consisting of a Dp-brane and the 
D-branes with lower world-volume dimensions from a pure Dp-brane configuration. 
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